The nonrelativistic hydrogen atom in D = 3 − 2ǫ dimensions is the reference system for perturbative schemes used in dimensionally regularized nonrelativistic effective field theories to describe hydrogen-like atoms. Solutions to the D-dimensional Schrödinger-Coulomb equation are given in the form of a double power series. Energies and normalization integrals are obtained numerically and also perturbatively in terms of ǫ. The utility of the series expansion is demonstrated by the calculation of the divergent expectation value (V ′ ) 2 .
The nonrelativistic hydrogen atom in D = 3 − 2ǫ dimensions is the reference system for perturbative schemes used in dimensionally regularized nonrelativistic effective field theories to describe hydrogen-like atoms. Solutions to the D-dimensional Schrödinger-Coulomb equation are given in the form of a double power series. Energies and normalization integrals are obtained numerically and also perturbatively in terms of ǫ. The utility of the series expansion is demonstrated by the calculation of the divergent expectation value (V ′ ) 2 .
For over a century the hydrogen atom has been a touchstone of fundamental physics. From the earliest days of quantum physics, the challenge to understand the structure and behavior of hydrogen has been a driver of new developments and has stimulated the craft of countless innovators in the field. [1, 2] One can mention the Bohr Model, Sommerfeld's relativistic hydrogen atom, wave and matrix mechanics at the birth of quantum mechanics, the development of QED to explain the Lamb Shift and the electron's anomalous moment as observed in hydrogen, detection of the hydrogen Bose-Einstein condensate, current experiments on antihydrogen, and its role in the "proton size puzzle" as developments in which hydrogen has played a central role. Hydrogen is also a model for a number of "exotic atoms" including positronium, muonium, muonic hydrogen, hydrogen-like ions, charmonium, and bottomonium. Deep understanding of hydrogen and hydrogen-like systems has been and continues to be crucially important.
Much of the modern work on hydrogen and its exotic siblings is based on the effective quantum field theories NRQED and NRQCD (non-relativistic quantum electroand chromo-dynamics) [3] [4] [5] [6] . These theories build up the dynamics of both electro-or chromo-interactions as well as relativity as perturbations on a non-relativistic base. Most of the modern work in NRQED/QCD uses dimensional regularization to control both ultraviolet and infrared divergences. Consequently, the notion of a nonrelativistic hydrogen-like system in D = 3−2ǫ dimensions often plays a role as the lowest order of a perturbative development. A typical calculation might involve the energy E and the value of the wave function at contact ψ(r = 0) of this D-dimensional system [7, 8] . Usually, all divergences are arranged to cancel before values of the energy levels or wave function are actually needed, in which case the D → 3 limit can be taken first, and traditional results for E and ψ(r = 0) employed. More generally, for higher-order calculations it is crucial to have as much flexibility in calculational approach as possible, and the restriction to schemes where all divergences must cancel first before making use of explicit forms for the wave functions is too limiting. A detailed understanding of the system that is being used as a basis for perturbation theory is required.
In this work I describe the solution to the Ddimensional Schrödinger-Coulomb equation for nonintegral D near D = 3. Separation of variables is used to write the solution as a radial function times an angular function describing the orbital angular momentum. The radial solution can be expressed as a power series of a novel type. With the help of this series solution to handle the small-distance regime, the radial equation can be solved numerically using standard techniques. I also work out the perturbative expansions for the energy and wave function at contact in terms of the small parameter ǫ = (3 − D)/2. For energies, results through O(ǫ 2 ) are obtained with estimates for the O(ǫ 3 ) terms, while for the wave functions at contact results through O(ǫ) are obtained with estimates for the O(ǫ 2 ) terms. Much of the earlier work on hydrogen in D dimensions made use of a strict 1/r potential instead of the physical 1/r D−2 potential implied by Gauss' Law, or was restricted to an integral number of dimensions. Quantum mechanics with the physical potential in non-integral dimension has been studied by Andrew and Supplee [9] , Morales [10] , and is reviewed in [11] with additional references.
The D-dimensional Schrödinger-Coulomb equation is
where we use the bar to signify D-dimensional quantities, with no bar for 3-dimensional ones. The potential energȳ
arises as the D-dimensional Fourier transform of the momentum-space Coulomb interaction term −4πZαμ 2ǫ /p 2 . It follows that (1) is the lowest approximation for the study of hydrogen-like atoms in NRQED/QCD (whereh = 1, α is the fine structure constant, and Z is the nuclear charge in units of the electron charge magnitude). The potentialV (r) can also be deduced from the requirement that the electric field derived from it satisfy Gauss's law in D dimensions, or equivalently that the potential satisfy the D-dimensional Poisson equation with a point charge source. The mass scale µ has been introduced to ensure that Zα
is the corresponding MS scale. It is convenient to separate variables in the Schrödinger equation using spherical coordinates. The D-dimensional Laplacian can be written as
where
is the angular momentum squared. We separate variables in the wave function according toψ( x ) =R(r)Y (x) wherex = x/r. The angular functions Y (x) are eigenstates of L 2 [12] [13] [14] :
where the allowed quantum numbers ℓ are 0, 1, 2, · · · , just as in an integral numbers of dimensions.
components. An explicit representation is given by the symmetric traceless harmonic polynomials. For example, the lowest few are The radial equation is the object of our main concern. It is 1 2m
We follow the usual steps of first working out the leading short and long distance behavior ofR. The r → 0 limit of (5) shows thatR(r) → r ℓ for small r. We also find R(r) → e −γr for large r whereĒ = −γ 2 /(2m). We define a new function L nℓ (ρ) according tō
where ρ ≡ 2γr is dimensionless and Ω n ≡ 2π
is the surface area of a unit n-sphere. We normalize L nℓ (r) so that L nℓ (0) = 1. We see thatφ n0 = lim r→0ψ n0 (r) is the S-state wave function at the origin (at "contact"), and generallyφ nℓ is proportional to lim r→0R nℓ (r)/r ℓ . When expressed in terms of ρ and L nℓ (ρ), the radial equation becomes
wheren
In three dimensions,n would be the principal quantum number n andγ would be the momentum scale factor mZα/n. We intend to find a series solution for (7) about the origin. Since ρ 2ǫ−1 is not analytic in a region containing the origin for most values of ǫ, the usual type of series solution won't work. We require the more general form
Using (9) in (7) and assuming that all powers ρ j+2ǫk are independent, we obtain the recursion relation:
Using (10) and the initial condition a 00 = 1, it is easy to calculate as many coefficients a jk as desired and obtain a convergent series solution near ρ = 0. (When ǫ → 0, the solution for a jk is (−1)
where the s a (j, k) are "non-central Stirling numbers of the first kind" as defined by Koutras [15] and nj is the rising factorial nj = n(n + 1) · · · (n + j − 1). In this limit the L nℓ reduce to the usual associated Laguerre polynomials.) We use the series to find L nℓ (ρ) in a small region (0 ≤ ρ ≤ ρ 0 ) around the origin and extend that region to 0 ≤ ρ < ∞ using standard numerical methods to solve (7). We developed a procedure to home in on acceptable values ofn for which L nℓ (ρ) can be normalized (as in the integral (11) below). For each value of ℓ we labeled these solutions by the "radial quantum number" n r taking values 0, 1, 2, · · · . We also define the standard principal quantum number n with n r = n − ℓ − 1, which takes positive integer values starting with ℓ + 1 for each value of ℓ. The acceptable values ofn with ǫ = 0.001 for the low-lying states are shown in Table I asn DE . We used the numerical solutions to compute values for the integrals
that are related to the normalization of the corresponding states. These appear in the table as I DE . Were D = 3, the I nℓ integrals would all be one.
As a complement to the numerical solutions obtained above we have also worked out results forn and I using perturbation theory in the small parameter ǫ. This was done in order to confirm the consistency of the whole D-dimensional procedure and for use in the evaluation of coordinate-space matrix elements. The zerothorder problem for this perturbative calculation is also D-dimensional, but with a potentialṼ (r) = −Zα/r. It is essential that the zeroth-order problem be Ddimensional, as the two Hamiltonians and the perturbation must be hermitian in the same space. Fortunately TABLE I: Numerical values for several quantities for low-lying states: the second-order perturbation theory matrix element κ; ξ [2] , the O(ǫ 2 ) part of ξ ≡n/n; the perturbation result forn = nξ when ǫ = 0.001 (through O(ǫ 2 )); the value ofn when ǫ = 0.001 found directly from the differential equation; an estimate for ξ [3] , the O(ǫ 3 ) coefficient of ξ; the perturbation result for the normalization integral I when ǫ = 0.001 (through O(ǫ)); the normalization integral I when ǫ = 0.001 found by numerical integration after solving the differential equation; and an estimate for I [2] , the O(ǫ 2 ) coefficient of I. this zeroth-order problem has an exact solution [16, 17] as described by Nieto. The radial equation in this case is identical to (7) except that the potential termnρ 2ǫ /ρ is replaced byñ/ρ. The exact solution to this zeroth-order problem can be expressed as
where ρ = 2γr,ñ = n − ǫ,γ = mZα/ñ. The bound state energy isẼ n = −γ 2 /(2m), and the normalization constant is given in [17] . The associated Laguerre polynomials are defined in the standard way:
. (13) It is straightforward to work out the first energy correction:
where E n = −γ 2 /(2m) is the standard Bohr energy, γ = mZα/n, L = log(µ/[2γ]), and H n = n j=1 1/j is the n th harmonic number. My calculation of the second order energy correction makes use of the form for the reduced Schrödinger-Coulomb Green's functionĝ n given by Johnson and Hirschfelder [18] . I was not able to obtain a general formula for the O(ǫ 2 ) energy correction. For any particular state I was able to obtain the O(ǫ 2 ) correction in terms of κ nℓ where E n κ nℓ = V ln(2γr)ĝ n ln(2γr)V , for which I could only obtain numerical results. (In the calculation of κ nℓ it was adequate to use the ǫ → 0 limit of H ′ and standard 3-dimensional expressions for the states and the reduced Green's function.) For instance, the ground state energy has the expansion
where γ E is the Euler-Mascheroni constant. From the energies, we can obtain the series forγ = (−2mĒ) 1/2 , thenn using (8) , and finally ξ =n/n = 1 + ξ [1] 
The exact result for ξ [1] is ξ [1] = 2γ E − 2H n+ℓ − 1/n, and for the ground state one finds Table I contains numerical results for ξ [2] as calculated using perturbation theory as well as estimates for ξ [3] obtained by a numerical exploration of the difference betweenn DE and the truncated seriesn pert. th. = n(1 + ξ [1] ǫ + ξ [2] ǫ 2 ) for various small values of ǫ. The series for ξ seems well-behaved at least through O(ǫ 3 ). Now we work out the perturbative result forφ nℓ describing the short-distance behavior of the wave function and the related result for the normalization integral (11) for the radial functions L nℓ (ρ). We can calculateφ nℓ from (6) as the short-distance limit
(17) We use first-order perturbation theory based on the exact solution of the D-dimensional 1/r problem to find the O(ǫ) correction to the wave function and then toφ nℓ . Since the perturbation is purely radial, we can factor out the angular momentum dependence and writē
whereĝ nℓ (r, r 1 ) is the component of the reduced Green's function for the D-dimensional 1/r problem having angular momentum ℓ. The O(ǫ) correction here contains an explicit factor of ǫ in H ′ , so in order to get just the first order correction we can take ǫ → 0 in the rest and simply use the regular 3-dimensional reduced Green's function and radial wave function. The result for the expansion ofφ nℓ is
Here H
n = n j=1 1/j 2 is a generalized harmonic number. We have found it convenient to define as well the "diharmonic" numbers
in terms of which it is possible to express any diharmonic sum (a sum of 1/(ij) for positive integers i, j) over a region of the i, j lattice having a boundary that includes vertical, horizontal, and diagonal sides of angle ±45
• only. The normalization integral I nℓ is connected toφ nℓ because the radial wave function is normalized in D-dimensional space:
D , so the normalization integral I nℓ must have the value
We use our earlier result forγ and (19) forφ nℓ to write
This result for I nℓ truncated at O(ǫ) is given in Table I [2] was also obtained and displayed in the table. In this work we can see thatn and I play the role of scale invariant quantities independent of µ since they are determined directly from the scale-free differential equation (5). On the other hand, the energyĒ, momentum scaleγ, and the short distance wave function factorφ all depend on µ, as can be seen directly from their definitions and from the logarithms present in their series expansions.
The numerical approach developed here gives precise results for all D in the range 2 < D < 4. This range is bordered by D = 2, where the potential becomes logarithmic and the spectrum takes a qualitatively different form [19, 20] ; and by D = 4, where the potential and centrifugal terms merge and stable solutions do not exist (as reviewed in [21] ). We can compare our numerical results for the ground state energy to previous numerical results by Andrew and Supplee [9] , who obtained a numerical solution to the Schrödinger equation directly, Morales [10] , who used the "shifted 1/d method", and Waldstein [22] , who used the variational method with trial function r a e −br . The results are given in Table II using the same units m =h = 1 and 4πZαμ 2ǫ /Ω D−1 = 1 as in [9, 10] .
As an example of the utility of knowing the series expansion for the wave function, we will evaluate (V ′ ) 2 n0 , an expectation needed when working out energy corrections for hydrogenic systems at O(mα 6 ). This expectation value is easy to evaluate for ℓ > 0 but is divergent, containing a 1/ǫ, when ℓ = 0, in which case
We writeR n0 (r) =φ n0 Ω 
This result for (V ′ ) 2 n0 can also be obtained by a momentum space calculation. Other dimensionally regularized expectation values needed at O(mα 6 ) coming from second order perturbation theory, not easily accessible to momentum space calculations, can also be obtained by means of the series expansion for the wave function. The detailed information about the short distance behavior of the wave function contained in the double series expansion (9) allows for calculations involving arbitrary values of n to be achieved completely in dimensional regularization.
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